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1
1 Introduction
Let p : M→M be the bundle of pseudo-Riemannian metrics of a given signature
(n+, n−), n++n− = n = dimM , over a connected C∈fty manifold oriented by
a volume form v ∈ Ωn(M). The Einstein-Hilbert (or E-H for short) functional
is the second-order Lagrangian density LEHv on M defined along a metric g by
sgvg, where s
g denotes the scalar curvature of g and vg its Riemannian volume
form; namely,
(1)
LEH ◦ j
2g=
√
| det(gab)|g
jk
{
∂(Γg)ijk
∂xi
−
∂(Γg)iik
∂xj
+(Γg)
l
jk (Γ
g)
i
il−(Γ
g)
l
ik (Γ
g)
i
jl
}
,
where (Γg)ijk are the Christoffel symbols of the Levi-Civita connection ∇
g of
the metric g. As is known (e.g., see [1, 3.3.1–3.3.2]), the first-order Lagrangian
L1 defined along g by
√
| det(gab)|g
jk((Γg)lij(Γ
g)ikl − (Γ
g)ljk(Γ
g)iil) differs from
LEH by a divergence term, but unfortunately L1 is not an invariantly defined
quantity.
Below, a geometrically defined first-order Lagrangian L∇ (depending on an
auxiliary symmetric linear connection ∇ on M) is introduced, which is varia-
tionally equivalent to E-H Lagrangian LEH and, consequently, it has the same
Euler-Lagrange equations, namely Einstein’s field equations in the vacuum for
arbitrary signature. In particular, this explains why the E-H Lagrangian admits
a true first-order Hamiltonian formalism.
Although L∇ depends on an auxiliary symmetric linear connection, this
dependence is natural with respect to the action of diffeomorphisms of M on
connections and on Lagrangian functions, as proved in section 4 below. This fact
justifies the construction of such a Lagrangian and the interest of its existence.
Furthermore, the Lagrangian L∇ is seen to be regular and its Hamiltonian
formulation is studied, computing explicitly its momenta functions and the co-
variant Hamiltonian attached to ∇ in the sense of [10].
2 The equivalent Lagrangian L∇ defined
The difference tensor field between the Levi-Civita connection ∇g of a met-
ric g and a given symmetric linear connection ∇ on M is the 2-covariant 1-
contravariant tensor given by,
T g,∇ = ∇g −∇ =
(
(Γg)hij − Γ
h
ij
)
dxi ⊗ dxj ⊗
∂
∂xh
,
where (Γg)ijk (resp. Γ
i
jk) are the Christoffel symbols of the connection ∇
g (resp.
∇). A Lagrangian function L∇ on the bundle of metrics p : M →M is defined
as follows:
(2) L∇
(
j2xg
)
vx =
{
sg(x) + c
((
alt23
(
∇gT g,∇
)
x
)♯)}
(vg)x , ∀j
2
xg ∈ J
2
M,
2
where we confine ourselves to consider coordinate systems (x1, . . . , xn) on M
adapted to v, i.e.,
v = dx1 ∧ . . . ∧ dxn, vg =
√
|det (guv)|v, g = guvdx
u ⊗ dxv,
alt23 : ⊗
3T ∗M⊗TM → ⊗3T ∗M⊗TM denotes the alternation of the second and
third covariant indices, ♯ : ⊗3T ∗M⊗TM → ⊗2T ∗M⊗2TM is the isomorphism
induced by g,
w1 ⊗ w2 ⊗ w3 ⊗X 7→ w1 ⊗ w2 ⊗ (w3)
♯ ⊗X, ∀X ∈ TxM, ∀w1, w2, w3 ∈ T
∗
xM,
and, finally, c : ⊗2 T ∗M ⊗2 TM → R denotes the (total) contraction of the
first and second covariant indices with the first and second contravariant ones,
respectively. We write L∇ in order to emphasize the fact that the Lagrangian
depends on the auxiliary symmetric linear connection ∇ previously chosen.
If yij = yji, i, j = 1, . . . , n, are the coordinates on the fibres of p induced
from a coordinate system (xh)nh=1 onM , namely, gx = yij(gx)dx
i⊗dxj for every
metric gx over x ∈ M , and (x
h, yij , yij,k, yij,kl = yij,lk) denotes the coordinate
system induced on J2M, then LEH is locally given by,
(3) LEH = ρ
(
yacybd − yabycd
)
yab,cd + L0,
where
(4)
{
L0 = ρy
ij
{
yhm
(
ymr,jG
r
ih − ymr,hG
r
ij
)
+GmijG
h
hm −G
m
ihG
h
jm
}
,
ρ =
√
|det (yij)|,
and Girj : J
1
M→ R are defined by, Girj =
1
2y
is (yrs,j + yjs,r − yrj,s).
If L′∇ is the second-order Lagrangian on M determined by the second sum-
mand of the right-hand side in the formula (2), namely
L′∇(j2xg) = c
((
alt23
(
∇gT g,∇
)
x
)♯)
,
then (2) can equivalently be rewritten as follows: L∇ = LEH + ρL
′∇ and as a
calculation shows,
L′∇ ◦ j2g = gjr
{
∂(T g,∇)
i
ri
∂xj
−
∂(T g,∇)
i
rj
∂xi
(5)
+ (Γg)
a
ji
(
T g,∇
)i
ra
− (Γg)
a
jr
(
T g,∇
)i
ai
+(Γg)
a
ir
(
T g,∇
)i
aj
− (Γg)
a
ai
(
T g,∇
)i
rj
}
.
Lemma 2.1. The Lagrangian L∇ is of first order.
Proof. Taking the definition of T g,∇ and the formulas (5), (1) into account, one
3
obtains
√
|det (guv)|(L
′∇ ◦ j2g) = −LEH ◦ j
2
g(6)
+
√
|det (guv)|g
jr
{
(Γg)a
ji
(Γg)i
ra
− (Γg)a
ai
(Γg)i
rj
}
−
√
|det (guv)|g
jr
{
∂Γiri
∂xj
−
∂Γirj
∂xi
+ (Γg)a
ji
Γira
− (Γg)a
jr
Γiai + (Γ
g)a
ir
Γiaj − (Γ
g)a
ai
Γirj
}
.
Hence (ρL′∇ + LEH) ◦ j
2g depends on the values of the metric g and its first
derivatives only.
In fact, the following local expression is readily deduced:
L∇ = ρyjr
{
GajiT
i
ra −G
a
aiT
i
rj +G
a
jrΓ
i
ai −G
a
irΓ
i
aj −
∂Γiri
∂xj
+
∂Γirj
∂xi
}
,
T ijk : J
1
M→ R being the functions defined by, T hij = G
h
ij − Γ
h
ij .
Remark 2.1. As L∇ has a geometrical definition, the local expression above
actually provides a global Lagrangian. Moreover, if ∇ is a flat linear connection
and one considers an adapted coordinate system to ∇ (i.e., a coordinate system
on which all the Christoffel symbols of ∇ vanish), then the local expression for
L∇ coincides with the local Lagrangian L1 defined in the introductory section.
3 L∇ and LEH are variationally equivalent
As a computation shows, the second summand in the definition of L∇ can be
rewritten in terms of the metric g and the auxiliary connection∇ only, as follows:
c
((
alt23
(
nablagT g,∇
))♯)
=
(
gjsgir − gjrgis
)
gri,sj
+ 12
{(
2girgjb − gbigrj − gbrgij
)
gas
+
(
gargib + gbigra − 2girgab
)
gjs
−
(
gsrgjb − gbrgsj
)
gai
−
(
gargsb − gsrgab
)
gij
}
gab,jgrs,i
− gjr
(
∂Γiri
∂xj
−
∂Γirj
∂xi
)
+ 12
{(
2gjsgar − gjrgas
)
grj,sΓ
i
ai
+
(
gjrgab − 2gargjb
)
gab,iΓ
i
rj
}
.
Lemma 3.1. If Di denotes the total derivative with respect to x
i, then
c
((
alt23
(
∇gT g,∇
))♯)
vg = −
(
Di((LEH)
i
∇) ◦ j
2g
)
v,
4
where
(7) (LEH)
i
∇ =
∑
c≤r
1
2−δib
∂LEH
∂ycr,ib
(ycr,b − (Γ
a
bcyar + Γ
a
bryac)) .
From this lemma it follows that L∇ and LEH are variationally equivalent
as, according to the formula (2), one has(
L∇ ◦ j2g
)
v =
(
LEH ◦ j
2g
)
v + c
((
alt23
(
∇gT g,∇
))♯)
vg
=
{(
LEH −Di
(
(LEH)
i
∇
))
◦ j2g
}
v.
Hence L∇ = LEH −Di
(
(LEH)
i
∇
)
and therefore, L∇ and LEH differ in a total
divergence.
The proof of Lemma 3.1 follows by computing Di
(
(LEH)
i
∇
)
using (3) and
(7), taking the identity Diρ =
ρ
2y
rsyrs,i into account, after a simple—but rather
long—computation.
4 Dependence on ∇
Below, the dependence of the Lagrangian L∇ with respect to the symmetric
linear connection ∇, is analysed. First, some geometric preliminaries are intro-
duced.
The image of a linear connection ∇ by a diffeomorphism φ : M → M is
defined to be (φ · ∇)X Y = φ ·
(
∇φ−1·X(φ
−1 · Y )
)
, ∀X,Y ∈ X(M). As is well
known (e.g., see [4, p. 643]), the Levi-Civita connection of a metric transforms
according to the rule: φ−1 · ∇g = ∇φ
∗g. Hence the following formulas hold:
φ−1 · T g,∇ = T φ
∗g,φ−1·∇, Sφ·∇ = (φ−1)∗S∇ = φ · S∇, sg = sφ
∗g,
whereS∇(X,Y ) = trace(Z 7→ R∇(Z,X)Y ) is the Ricci tensor of ∇ (e.g., see
[7, VI, p. 248]). Moreover, the lift of φ to the bundle of metrics p : M → M is
given by φ¯(gx) = (φ
−1)∗gx, ∀gx ∈ p
−1(x) (cf. [11]); hence p ◦ φ¯ = φ ◦ p, and the
mapping φ¯ : M → M has an extension to the r-jet bundle φ¯(r) : JrM → JrM
defined by, φ¯(r) (jrxg) = j
r
φ(x)(φ¯ ◦ g ◦ φ
−1).
Let vM be the nowhere-vanishing p-horizontal n-form on M defined as fol-
lows: (vM)gx = vgx , ∀gx ∈ M, where, as above, vgx denotes the Riemannian
volume form attached to gx. Hence vM = ρv, where ρ is as in (4). Every
r-th order Lagrangian density Λ on M can thus be written as Λ = LvM for a
certain Lagrangian function L ∈ C∞(JrM) and Λ is invariant under diffeomor-
phisms, i.e., (φ¯(r))∗Λ = Λ, ∀φ ∈ DiffM , if and only if L is, i.e., L ◦ φ¯(r) = L,
as (φ¯(r))∗Λ = (L ◦ φ¯(r))(φ¯∗vM) and, according to [12, Proposition 7], vM is
invariant under diffeomorphisms, i.e., φ¯∗vM = vM.
The E-H Lagrangian density LEHv is known to be invariant under diffeo-
morhisms, i.e., (φ¯(2))∗(LEHv) = LEHv, ∀φ ∈ DiffM . In fact, there exists a
5
classical result by Hermann Weyl ([14, Appendix II], also see [5], [8]), according
to which the only DiffM -invariant Lagrangians on J2M depending linearly on
the second-order coordinates yab,ij are of the form λLEH + µ, for scalars λ, µ.
Therefore, transforming the equation L∇v = LEHv + L
′∇vM by a diffeo-
morphism φ, one obtains (φ¯(1))∗
(
L∇v
)
= LEHv + (L
′∇ ◦ φ¯(2))vM, and one is
led to compute L′∇ ◦ φ¯(2), which, by using the formulas above, is proved to
transform according to the following rule:
(8) L′∇ ◦ φ¯(2) = L′φ
−1·∇.
5 Hamiltonian formalism
5.1 Regularity of L∇
Proposition 5.1. For dimM = n ≥ 3, the Lagrangian L∇ is regular, namely,
the following square matrix of size 12n
2(n+ 1) is non-singular:
(9)
(
∂puvw
∂yab,c
)u≤v,w
a≤b,c
=
(
∂2H∇
∂yab,c∂yuv,w
)u≤v,w
a≤b,c
,
where
(10) pijk =
∂L∇
∂yij,k
, H∇ =
∑
i≤j
∂L∇
∂yij,k
yij,k − L
∇.
Proof. From the very definition of H∇ it follows:
∂H∇
∂yab,c
=
∑
i≤j
∂2L∇
∂yab,c∂yij,k
yij,k,
and the formula (9) above. Moreover, we claim that the functions puvw depend
linearly on the variables yab,c. In fact, as a calculation shows,
∂puvw
∂yab,c
=
∂2L∇
∂yab,c∂yuv,w
= ρyjr
∂2
∂yab,c∂yuv,w
(
GljiG
i
rl −G
l
liG
i
rj
)
= 1(1+δab)(1+δuv)ρ
{
ybw (yauycv + yavycu) + yaw
(
ybuycv + ybvycu
)
− yab (ycuyvw + ycvyuw)− yuv
(
yawybc + yacybw
)
−
(
yuayvb + yubyva
)
ywc + 2yabyuvywc
}
.
Therefore, in order to prove that the matrix (9) is non-singular, it suffices to
prove that the variables yab,c can be written in terms of the functions p
uv
w . To
6
do this, we first compute∑
u,v,w
1+δuv
ρ
puvw yuryvsywq = yqr,s + yqs,r − yrs,q
− 12
∑
a,b
yab (ysqyab,r + yrqyab,s)
+
∑
a,b
yabyrs (yab,q − yqa,b) .
Evaluating the previous formula at gx0 , by using adapted coordinates (i.e.,
yij(gx0) = εiδij , εi = ±1), and letting Υrsq(j
1
x0
g) = 1+δrs
ρ
prsq (j
1
x0
g)εrεsεq, it
follows:
Υrsq(j
1
x0
g) = yqr,s(j
1
x0
g) + yqs,r(j
1
x0
g)− yrs,q(j
1
x0
g)
− 12
∑
a
εaεq
(
δsqyaa,r(j
1
x0
g) + δrqyaa,s(j
1
x0
g)
)
+
∑
a
εaεrδrs
(
yaa,q(j
1
x0
g)− yqa,a(j
1
x0
g)
)
.
If q 6= r 6= s 6= q, then Υrsq(j
1
x0
g) = yqr,s(j
1
x0
g)+yqs,r(j
1
x0
g)−yrs,q(j
1
x0
g). Hence
(11) yqr,s(j
1
x0
g) = 12
(
Υrsq(j
1
x0
g) + Υqsr(j
1
x0
g)
)
.
If q = r, r 6= s, then
(12) Υrsr(j
1
x0
g) = yrr,s(j
1
x0
g)− 12
∑
a
εaεryaa,s(j
1
x0
g).
If r = s, q 6= r, then
Υrrq(j
1
x0
g) = 2yqr,r(j
1
x0
g)− yrr,q(j
1
x0
g)(13)
+
∑
a
εaεr
(
yaa,q(j
1
x0
g)− yqa,a(j
1
x0
g)
)
.
The formula (12) can be rewritten as
2εrΥrsr(j
1
x0
g) = εryrr,s(j
1
x0
g)−
∑
a 6=r
εayaa,s(j
1
x0
g).
Summing up over the index r, 2
∑
r
εrΥrsr(j
1
x0
g) = (2 − n)
∑
r
εryrr,s(j
1
x0
g),
and replacing this formula into (12) it follows:
Υrsr(j
1
x0
g) = yrr,s(j
1
x0
g)− 12−nεr
∑
a
εaΥasa(j
1
x0
g).
Therefore
(14) yrr,s(j
1
x0
g) = Υrsr(j
1
x0
g) + εr2−n
∑
a
εaΥasa(j
1
x0
g).
Replacing (14) into (13), we eventually obtain
(15)
∑
a
εayqa,a(j
1
x0
g) = 1
n−2
∑
a
εaΥaaq(j
1
x0
g)− 2 n−1(n−2)2
∑
a
εaΥaqa(j
1
x0
g),
7
and replacing yrr,q(j
1
x0
g),
∑
a εayaa,q(j
1
x0
g), and
∑
a εayqa,a(j
1
x0
g) into (13) it
follows:
Υrrq(j
1
x0
g) = 2yqr,r(j
1
x0
g)−Υrqr(j
1
x0
g) + nεr
(n−2)2
∑
a
εaΥaqa(j
1
x0
g)
− εr
n−2
∑
a
εaΥaaq(j
1
x0
g).
Hence
yqr,r(j
1
x0
g) = 12
n−1
n−2Υrrq(j
1
x0
g) + 12
(
1− n
(n−2)2
)
Υrqr(j
1
x0
g)(16)
− nεr
2(n−2)2
∑
a 6=r
εaΥaqa(j
1
x0
g)
+ εr2(n−2)
∑
a 6=r
εaΥaaq(j
1
x0
g).
If q = r = s, then Υrrr(j
1
x0
g) = −
∑
a 6=r εaεryra,a(j
1
x0
g). From (15) we obtain∑
a 6=r εayra,a(j
1
x0
g) and then∑
a 6=r
εayra,a(j
1
x0
g) = −εryrr,r(j
1
x0
g) + 1
n−2
∑
a
εaΥaar(j
1
x0
g)
− 2 n−1(n−2)2
∑
a
εaΥara(j
1
x0
g)
and replacing it into the previous equation,
Υrrr(j
1
x0
g) = yrr,r(j
1
x0
g)− εr
n−2
∑
a
εaΥaar(j
1
x0
g) + 2 (n−1)εr(n−2)2
∑
a
εaΥara(j
1
x0
g).
Hence
yrr,r(j
1
x0
g) = Υrrr(j
1
x0
g) + εr
1
n−2
∑
a
εaΥaar(j
1
x0
g)(17)
− 2εr
n−1
(n−2)2
∑
a
εaΥara(j
1
x0
g).
The formulas (11), (14), (16), and (17) end the proof.
5.2 Hamilton-Cartan equations
The Poincare´-Cartan form for the density L∇v is the n-form on J1M given by
ΘL∇v =
∑
i≤j
(−1)k−1pijk dyij ∧ vk −H
∇v,
the momenta pijk and the Hamiltonian function H
∇ being defined as in (10),
and the Hamilton-Cartan equations can geometrically be written as
(18)
(
j1g
)∗
(iY dΘL∇v) = 0,
for every p1-vertical vector field Y ∈ J1M, which are known to be equivalent to
Euler-Lagrange equations, where p1 : J1M→M is the natural projection.
8
According to Proposition 5.1, (xi, yjk, p
uv
w ), j ≤ k, u ≤ v, is a coordinate
system on J1M. Letting Y = ∂/∂yab and Y = ∂/∂p
uv
w in (18), it follows
respectively: ∑
k
∂
(
pabk ◦ j
1g
)
∂xk
= −
∂H∇
∂yab
◦ j1g,
∂
(
yuv ◦ j
1g
)
∂xw
=
∂H∇
∂puvw
◦ j1g,
which are the Hamilton-Cartan equations in the canonical formalism.
5.3 Covariant Hamiltonian
An Ehresmann (or non-linear) connection on a fibred manifold p : E → M is a
differential 1-form γ on E taking values in the vertical sub-bundle V (p) such
that γ(X) = X for every X ∈ V (p), e.g., see [9], [10], [13]. Given γ, one has
T (E) = V (p)⊕ ker γ, ker γ being the horizontal sub-bundle attached to γ.
According to [10], the covariant Hamiltonian Hγ associated to a Lagrangian
density Λ on J1E with respect to γ is the Lagrangian density defined by setting
Hγ =
(
(p10)
∗γ − θ
)
∧ ωΛ − Λ, where p
1 : J1E → M , p10 : J
1E → J0E = E are
the natural projections, and ωΛ is the Legendre form attached to Λ, i.e., the
V ∗(p)-valued p1-horizontal (n− 1)-form on J1E given by
ωΛ = (−1)
i−1 ∂L
∂yαi
dx1 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn ⊗ dyα, Λ = Lv,
and θ = θα ⊗ ∂/∂yα, θα = dyα − yαi dx
i, is the V (p)-valued contact 1-form on
J1E. Locally, Hγ =
(
(γαi + y
α
i )
∂L
∂yα
i
− L
)
v.
Let pi : F (M)→M be the bundle of linear frames and let q : F (M)→M be
the projection given by q(X1, . . . , Xn) = gx = εhw
h ⊗ wh, where (w1, . . . , wn)
is the dual coframe of (X1, . . . , Xn) ∈ Fx(M), i.e., gx is the metric for which
(X1, . . . , Xn) is a gx-orthonormal basis and εh = 1 for 1 ≤ h ≤ n
+, εh = −1 for
n++1 ≤ h ≤ n. The projection q is a principal G-bundle with G = O(n+, n−).
Given a symmetric linear connection Γ with associated covariant derivative ∇,
and a tangent vector X ∈ TxM , for every u ∈ pi
−1(x) there exists a unique
Γ-horizontal tangent vector XhΓu ∈ Tu(FM) such that, pi∗X
hΓ
u = X . Given
a metric gx ∈ q
−1(x), let u ∈ pi−1(x) be a linear frame such that q(u) = gx.
The projection q∗(X
hΓx
u ) does not depend on the linear frame u chosen over gx;
we refer the reader to [11, Lemma 3.3] for a proof of this fact. In this way a
section σ∇ : p∗TM → TM of the projection p∗ : TM → p
∗TM is defined by
setting σ∇(gx, X) = q∗(X
hΓx
u ). The retract γ∇ : TM → V (p) associated to
σ∇, namely, γ∇(Y ) = Y − σ∇(p∗Y ), ∀Y ∈ TgxM, determines an Ehresmann
connection on the bundle of metrics and the Lagrangian density Λ∇ = L∇v
admits a “canonical” covariant Hamiltonian Hγ
∇
. Locally,
γ∇
(
gx, ∂/∂x
j
)
= −
∑
k≤l
{
Γajk(x)yal (gx) + Γ
a
jl(x)yak (gx)
}
(∂/∂ykl)gx .
9
Hence, γkl,j = −
(
Γajkyal + Γ
a
jlyak
)
, and
Hγ
∇
=
∑
k≤l
(
ykl,j −
(
Γajkyal + Γ
a
jlyak
)) ∂L∇
∂ykl,j
− L∇
v.
From a direct computation the following result is deduced:
If Hγ
∇
= Hγ
∇
v, then
Hγ
∇
(j1xg) = L
∇(j1xg)− 2ρ(gx)s
g,∇(x), ∀j1xg ∈ J
1
xM,
where sg,∇ is the scalar curvature of the symmetric linear connection ∇ with
respect to the metric g, namely
sg,∇ = gjk
{
∂Γijk
∂xi
−
∂Γiik
∂xj
+ ΓljkΓ
i
il − Γ
l
ikΓ
i
jl
}
.
The Hamilton-Cartan equations for a covariant Hamiltonian Hγ attached to a
connection γ are∑
k
∂
(
pabk ◦ j
1g
)
∂xk
−
∑
u≤v
(
∂γuv,w
∂yab
◦ g
)(
puvw ◦ j
1g
)
= −
∂Hγ
∂yab
◦ j1g,
∂
(
yuv ◦ j
1g
)
∂xw
+ γuv,w ◦ j
1g =
∂Hγ
∂puvw
◦ j1g,
(for example see [2]). Note that for γ = 0 (that is, the trivial connection induced
by the coordinate system) these equations coincide with the local expression of
the Hamilton-Cartan equations for H∇ given in §5.2.
6 Conclusions
We have defined a first-order Lagrangian L∇ on the bundle of metrics which
is variationally equivalent to the second-order classical Einstein-Hilbert La-
grangian.
This Lagrangian depends on an auxiliary symmetric linear connection, but
this dependence is covariant under the action of the group of diffeomorphisms.
We have also proved that the variational problem defined by L∇ is regu-
lar and its Hamiltonian formulation has been studied, including the covariant
Hamiltonian attached to ∇.
Moreover, we shoud finally mention the completely different behaviour of
L∇ with respect to the Palatini Lagrangian.
Let q : C → M be the bundle of symmetric linear connections on M . The
Palatini variational principle consists in coupling a metric g and a symmetric
linear connection ∇ as independent fields, thus defining a first-order Lagrangian
density LPv on the product bundle M×M C as follows:
(LPv)
(
gx, j
1
x∇
)
= sg,∇(x)(vg)x,
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and varying g and ∇ independently. The Palatini method can also be applied
to other different settings; e.g., see [6], [3], but below we confine ourselves to
consider the classical setting for the Palatini method. As is known, the Euler-
Lagrange equations of LP are the vanishing of the Ricci tensor of g (Einstein’s
in the vacuum) and the condition ∇ = ∇g expressing that ∇ is the Levi-Civita
connection of the metric.
In our case, we can similarly define a first-order Lagrangian M ×M C by
setting L(j1g, j1∇) = LHE(j
2g) + c
(
(alt23(∇
gT g,∇)♯
)
(ρ ◦ g). Assuming M is
compact, then the action associated with L is given as follows: S(g,∇) =∈
tML
∇(j1g, j1∇)v, and by considering 1) an arbitrary 1-parameter variation gt
of g and 2) the 1-parameter variation ∇t = ∇+ tA attached to A ∈ Γ(S
2T ∗M⊗
TM) of ∇, we obtain, 1) Einstein’s equation and 2) 0 =∈ tMc
(
alt23(∇
gA)♯
)
vg,
∀A ∈ Γ(S2T ∗M ⊗ TM), which leads us to a contradiction.
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